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1 Introduction

If, in the past, the emergence of a middle class characterized the industrial rev-
olutions experienced by Western economies in the 18th and 19th centuries1 , the
beginning of the 21st century has marked the end of two centuries of hegemony
of these Western economies: "Increasingly, the most important engine of growth
for countries of the South is their domestic market. The middle class is growing
in size and median income" (Human Development Report 2013). Nowadays, it
is common in the press as well as in policy circles to wonder about the relative
strength of the middle class and its role in economic development. This is re-
flected in public debates and even some government initiatives (see, for example,
President Obama’s "Middle-Class Economics"). It is, however, our view that
the concept of the middle class has not yet received the attention it deserves in
our theoretical economic thinking about its prominent role in economic growth.
The study of economic growth traditionally adopts a long-run perspective.

Thus, there has been more focus on the supply side than on the demand side
and, to put it mildly, demand has so far been given a low priority as a key source
for future growth. In their presentation of the "new Kaldor facts," Jones and
Romer (2010) emphasize the role of ideas rather than objects, as well as the
importance of institutions and human capital. However, what of the emergence
of a significant middle class and its corollary mass consumption on the one
hand and production diversification on the other? Through which channels is
the development of a middle class crucial for economic growth? These issues are
nearly absent from both neoclassical and new (endogenous) theories of growth.
In this study, we develop a model of structural change and economic growth

whereby technological progress is driven by learning by doing in those sectors
of activity that benefit from middle-class-led consumption. Both the size and
share of total income of the middle class are simultaneously an input to our
model and an outcome of economic growth. We focus on the entire distribution
of income as a factor that may explain why some countries are able to encourage
sectors of activity to implement increasing returns to scale, to learn at a faster
or slower rate and, eventually, to reach maturity. Our model is in line with the
literature examining the relationship between inequality and economic devel-
opment2. It also adds a building block to Debraj Ray’s (2010) framework for
research in development economics in which he recommends that the role played
by inequality and the composition of demand in uneven growth deserves more
consideration. Finally, it features, under certain conditions, a circular causality
between sustained growth and structural change (Matsuyama 2008)3.
Neither do we think about the middle class in an ad hoc manner (e.g. the

1See, for example, Adelman and Morris (1967) and Landes (1998) as quoted in Easterly
(2001, p. 318).

2The collection of articles compiled in Inequality and economic development: The modern
perspective, and its introduction by Galor (2009), provides an overview of this literature.

3 In taking a look back in time, we cannot a§ord to not refer to Kuznets’ major contribution
to the area. See, for example, Kuznets (1955, 1966), in whose footsteps we follow, for an
analysis of inequality and structural change as characterized by an increase in the scale of
productive units and shifts in the structure of consumption.
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middle quintile share, between the 4th and the 9th income deciles or $2 and $10
a day in LDCs), as is often the case in the associated empirical literature (see,
Easterly 2001, Banerjee and Duflo 2008, and Ravallion 2010, among others),
nor do we consider the middle class as a potentially influential actor in relation
to policies, governance, or changes in institutions (Birdsall 2010, Halter et al.
2014). Our model relies only on economic mechanisms to qualify and determine
the importance of a strong middle class to an economy4. Banerjee and Duflo
(2008) put forward three arguments for why a strong middle class may help to
foster growth: i) entrepreneurs that boost innovation; ii) accumulation of human
capital and savings; and iii) diversification and expansion of markets via trans-
fers of knowledge and scale economies. Our model builds on the latter argument
and focuses on the dynamic interplay between the composition of aggregate de-
mand, which is determined by the shape of the income distribution, knowledge
transfer, and learning by doing, which we assume is sector-specific, bounded
from above, and endogenously constrained by a minimum scale restriction5.
In his introduction to the Handbook of Economic Growth (2005), Robert

Solow regrets the profession’s lack of interest in interactions between supply
and demand. A proposed channel to investigate such interactions is relaxing the
traditional assumption of homothetic preferences, which neutralizes demand in
long-run growth. Only recently have models of growth relaxed the assumption of
homothetic preferences. The adoption of a hierarchical structure of preferences
and indivisible consumption, in which income at the household level a§ects the
extensive margin of consumption (span of varieties consumed) and their impact
on economic growth is examined, for instance, in Zweimüller (2000), Foellmi
and Zweimüller (2006, 2008) and, closer in spirit to the present paper, Foellmi,
Wuergler and Zweimüller (2014). We trace their footsteps here. Our setup also
allows for hierarchies of needs, and economic growth is an endogenous outcome
of the economic system. However, in contrast with the above mentioned papers,
inequality does not a§ect the composition of R&D. Instead, similar to Stokey
(1988), Young (1991, 1993), and Lucas (1993), technological progress is the by-
product of economic activity in which learning by doing is the main source of
productivity gains, and where the shape of the income distribution a§ects the
speed (duration) and extent of the learning process. Thus, our contribution
should be seen as a complementary rather than a competing model, wherein we
place emphasis on the implementation process, which takes time to develop and
learn after an invention has taken place rather than on the innovation process
per se.
As Bessen puts it (2015, p. 38) "Single technological ideas don’t transform

society; knowledge does... Major new technologies typically go through long pe-

4See, among others, Acemoglu and Robinson (2000) and Bourguignon and Verdier (2000)
for politico-economic models of growth that exhibit the endogenous emergence of a middle
class.

5 See Falkinger and Zweimüller (1996) who find that the composition of demand depends
on both the level and distribution of income, and Argote and Epple (1990), Bahk and Gort
(1993), and Thompson (2001), among others, who provide evidence of a significant impact of
learning by doing on productivity.
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riods of sequential innovation, where a string of improvements, new knowledge,
and new skills are developed one after the other. Central to this process — and
why it takes so long — is learning by doing." Note that learning e§ects are also
stressed by Crafts (1996) as an interesting way to analyze growth during the
First Industrial Revolution. Bessen also emphasizes the importance of signifi-
cant economies of scale involved in mature technologies, which are most often
implemented by a few large firms. He illustrates his point using the example
of the automobile, stating that "the automobile became revolutionary only af-
ter a large number of incremental innovations improved the technology and a
large body of mundane, detailed knowledge developed among assembly workers,
drivers, mechanics, road builders, and others. And this transformation took
many decades." Today, the automobile sector is dominated by a small number
of large firms with a clear tendency to merge over the last twenty years, whereas,
a century ago, the sector was dominated by a large number of small-scale inno-
vative entrepreneurs.
Thus, an economy with only a strong economic elite or, equivalently, a lack

of a middle class may simply not be able to implement a technology on a broad
scale and to expand the technological frontier. In this study, we show how the
learning process influences and at the same time depends on both the size of
the middle class and its income share. Specifically, we shed light on three key
elements central to learning by doing and structural change: i) the entire income
distribution initially derived from the distribution of skills6 , which determines
the composition of demand; ii) economies of scale; and iii) knowledge transfer
through labor/skills mobility (i.e. changes to the overall allocation of labor
between sectors brought about by structural change).
A distinguishing feature of our model is that learning takes place only in

an intermediate range of sectors where demand is high enough to allow a firm
to take advantage of scale economies and where the learning possibilities have
not yet been exhausted. How much a firm can gain in terms of cost reduction
is determined by its accumulated experience resulting from cumulative output,
driven by the evolution of the size of its market, which in turn depends on
the shape of the income distribution. We illustrate how the survival function
of the income distribution determines the speed (intensity) of learning specific
to each sector. We refer here to an experience curve brought about by labor
learning, which is deeply intertwined with scale economies in that the scale
(i.e. the market size) contributes to learning. Eventually, learning duration
and progress in a sector, as well as whether learning takes place across a broad
range of sectors or not, depend on the distribution of income, which drives the
allocation of labor in the economy. More specifically, if the income distribution
determines where labor is allocated, the middle class determines where learning
takes place and for how long. Sustained growth then requires that technology
that provides increasing returns be implemented in sectors one after the other.
Put di§erently, knowledge exchange resulting in productivity gains must create

6A middle class of consumers with significant purchasing power has to be associated with
a middle class with skills and managerial capacity. It is thus not a knowledge-based society
that is confined to a small elite.
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su¢cient additional demand in higher-ranking goods in the consumer’s hierarchy
of needs, so that learning never ceases7. Only then will the economy move
ahead8.
The key questions are whether a more equal distribution favors learning,

leading to stimulated economic growth, and how the strength of the middle
class impacts economic growth. First, if a smooth income distribution may lead
to long-run growth, a polarized income distribution is a drag on growth. Sec-
ond, our model unveils a mechanism through which an inverted-U relationship
between inequality and sustained growth emerges because redistribution from
the rich to either the middle or lower class has a positive impact on growth,
while it has a negative e§ect when it is from the middle to the lower class. This
inverse-U-shaped curve reflects the trade-o§ between allocating labor to a broad
range of sectors in which learning may take place and the speed of the learning
process in each sector, where the allocation of labor is driven by the composition
of aggregate demand. Put di§erently, the trade-o§ consists of learning quickly
in a small number of sectors versus learning more slowly in a wide range of
sectors. Such a trade-o§ is, for the most part, influenced by the distribution
of income, which governs the speed and the extent of the learning process and,
eventually, changes in the aggregate composition of production (i.e. structural
change). Finally, the aggregate growth rate and both the size and share of
total income of the middle class are determined simultaneously by the shape
of the income distribution, which creates the conditions for mass consumption
on the one hand and for scale economies and transfers of knowledge that pro-
mote learning by doing on the other. Our model, therefore, has implications for
growth-enhancing strategies by means of specific redistributions of income.
The rest of the paper is organized as follows. In Section 2, we present the

model with which these issues can be formally analyzed. Section 3 discusses
our set up regarding knowledge-based productivity growth. It analyzes the
interplay between middle-class-led consumption, the extent and speed of the
learning process, and the aggregate rate of growth. Section 4 characterizes
the middle class as an outcome of past economic growth and the steady-state
rate of growth. In Section 5, the relationship between inequality and growth is
discussed. We take a special interest in the conditions for the (re)distribution
of income that are required for sustained growth. This section also explains the
"range—speed" of the learning trade-o§, which yields an inverted-U relationship
between inequality and growth. Section 6 concludes.

7Bessen (2015) begins the introduction to his book Learning by doing with the statement
"The e§ects of new technology are all around us." This is a phenomenon that can most
certainly not be denied, whether one has in mind the agro-food industry, the auto industry,
the computer industry, tourism or start-up companies. Today, radio frequency identification
is an example of this.

8Under certain conditions, our development process may follow a fairly similar pattern
to Matsuyama’s (2002) flying-wild-geese model. The mechanisms underlying uneven sectoral
growth in terms of structural change are, however, di§erent. Matsuyama’s framework rules
out the roles played by economies of scale and the shape of the income distribution in the
speed and duration of the learning process.
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2 The model

Our framework builds on the work of Murphy, Shleifer, and Vishny (1989) who
formalized the work on demand linkages of early development economists such
as Rosenstein-Rodan (1943) and Hirschman (1958), whose theories stress scale
economies and complementarities as primary causes of economic growth, and
Rostow (1960), for whom a mass-consumption society should be the final stage
of a nation’s economic development9.

2.1 Households’ non-homothetic preferences, distribution
of skills, and budget constraints

We assume that all households have the same preferences. They are modeled via
a utility function that is defined over a continuum of indivisible goods q 2 (0,1)
such that, at each date t,

V (t) =

Z 1

0

1

q
ı(q, t)dq, (1)

where ı(q, t) is an indicator function that takes a value of either one or zero
according to:

ı(q, t) =

{
1 if the agent consumes q
0 otherwise

.

Thus, a household’s utility increases with the range of goods (0, q) it con-
sumes and not with the consumption of a single good q. Consumption is hierar-
chically structured, that is, needs are ordered so that the proportion of income
that households spend on lower-indexed goods or, equivalently, on goods with
lower income elasticities of demand decreases with a household’s income. Dif-
ferent goods have di§erent priorities in consumption and richer households can
consume more than the bundle of goods available to poorer households (see
Bertola, Foellmi and Zweimüller 2006, Chapter 12).
Labor is the only input and households are organized by their skill level,

denoted by γL, where L is the labor force and γ ≤ γ < 1. Each household is
identified by its γ type. The skills of the labor force are distributed according
to the cumulative distribution function F (γ), which is assumed to be exoge-
nous and constant over time. Thus, our framework allows us to distinguish
between societies dominated by a highly educated elite and lacking semi-skilled
and highly skilled workers, and societies that are endowed with a relatively large
number of engineers, managers, and skilled workers.
At each date t, the labor income of a γ type household is proportional to its

skill level, which is given by γw(t)L, where w(t) is the wage per unit of skill.
Should there be firms making a profit in the economy, to simplify the analysis,

9 It is worth noting that the kind of economy we are considering here has moved beyond
the agricultural phase, and the rural sector no longer accounts for a significant share of the
output of the economy.
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it is assumed that it will be redistributed to households up to their type γ. The
nominal income of a γ type household is therefore defined as the sum of its labor
income and income arising from shares it holds in profit-making firms:

Y (γ, t) = γ [w(t)L+Π(t)] ,

where Π(t) denotes corporate profits.
Define (0, q(γ, t)) as the span of varieties purchased by a γ type household at

date t. The budget constraint that describes the consumption options available
to this household with income Y (γ, t) can be written as:

Z q(γ,t)

0

p(q, t)ı(q, t)dq = γ [w(t)L+Π(t)] = Y (γ, t). (2)

At the household level, income (wages and profits) a§ects the extensive mar-
gin of consumption: the higher the household’s income, the broader the span of
consumed varieties.

2.2 Technology, market structure, and the equilibrium price

We adopt the production technologies and market structure proposed by Mur-
phy, Shleifer, and Vishny (1989). Each good q can be produced with two pro-
duction functions. The first loosely referred to as traditional, exhibits constant
returns to scale (CRS). One unit of good q requires α/A(t) units of labor, where
α > 1 and A(t) is knowledge-based productivity at time t. In our framework,
such a technology is used to produce goods that possess the artisanal touches of
luxury goods. The alternative production technology, often described as mod-
ern, exhibits increasing returns to scale (IRS). Formally, 1/A(t) units of labor
are required to produce one unit of good q. Nevertheless, to produce at such a
marginal cost, a firm must also be able to cover a fixed cost equal to C/A(t)
units of labor.
On the one hand, each good q may be produced by a competitive fringe

of firms with the CRS technology. Then, the free-entry equilibrium number of
firms satisfies the zero-profit condition, and the equilibrium price is equal to the
average cost:

p(q, t) = p(t) = α
w(t)

A(t)
. (3)

On the other hand, we show that if the distribution function F (γ) is smooth
enough, which rules out perfect equality, there is a unique Nash equilibrium for
a monopoly10 implementing the IRS technology, which consists of setting the
price at the same level as the competitive fringe (see Appendix 1).

10The reality is that the market structure must lie between these two extremes, competitive
fringe and monopoly. Our framework allows us to simply take into consideration the fact that
mature technologies typically involve substantial economies of scale, and thus are most often
implemented by a small number of large firms.
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2.3 Market demand and the static output multiplier

Let us define the demand for each good q(t) as x(q, t) ≡ [1− F (γ(q, t))]L,
where γ(q, t) is the share of income of households whose purchasing power is
high enough to purchase exactly (0, q(t)), and F (γ(q, t)) = 0 for γ(q, t) < γ.
Whenever the demand is high enough to cover the fixed cost, a good q is pro-
duced by a monopolist that implements the IRS technology. Note that as soon
as L > C/(α− 1), a good q is produced using the IRS technology if and only if
the demand for this good is such that the following minimum e¢ciency scale is
satisfied:

(α− 1)
w(t)

A(t)
x(q, t)−

w(t)

A(t)
C ≥ 0, x(q, t) ≥

C

α− 1
. (4)

At each date t, there is a marginal good q∗(t) such that the break-even
condition x(q∗, t) = C/(α − 1) holds true. Within our dynamic model, such
a sector of activity can be said to have attained the takeo§ stage. Note that
x(q∗, t) is exogenous and constant over time. Then, sectors that produce goods
q(t) ≤ q∗(t) and q(t) > q∗(t), use the IRS and CRS production technology,
respectively. We define γ∗(t) as the share of income held by this marginal
household whose purchasing power allows it to purchase exactly the range of
goods (0, q∗(t)), where

q∗(t) =
w(t)γ∗(t) [L+Π(t)/w(t)]

p(t)
=
A(t)

α
γ∗(t)

[
L+

Π(t)

w(t)

]
, and

w(t)

p(t)
=
A(t)

α
.

(5)
We also define the upper class to be the set of households of type greater

than γ∗(t). There is a number N∗(t) of such households, where

N∗(t) = [1− F (γ∗(t))]L. (6)

Their purchasing power allows them to buy goods produced with the IRS
technology, as well as goods with higher income elasticity of demand that are
produced using the CRS technology. We therefore have the following break-even
condition, which is time-independent. We thus get rid of the t notation in both
variables, N∗ and γ∗.

x(q∗, t) = N∗ = [1− F (γ∗)]L =
C

α− 1
. (7)

We assume in our model that learning occurs only in those sectors of activity
that produce goods generated using the IRS technology. In other words, learning
is constrained by a minimum scale restriction, which depends on the distribution
of income.
The aggregate profit in the economy is the sum of profits realized by those

sectors of activity that produce goods q in the range (0, q∗(t)):

Π(t) = p(t)

Z q∗(t)

0

x(q, t)dq −
Z q∗(t)

0

w(t)

A(t)
[x(q, t)− C] dq.
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Combining the above profit expression with (5) and (6) yields

Π(t)

p(t)
=
α− 1
α

w(t)L+Π(t)

p(t)
T ,

where T = L
R γ∗
γ
γdF (γ) is defined as the share of income held by those house-

holds of type smaller than γ∗ whose income is entirely devoted to purchasing
mass-consumption goods in the range (0, q∗(t)). From this definition, we deduce:

Π(t)

p(t)
=
α− 1
α

1

1− α−1
α T

w(t)L

p(t)
T ,

where the output multiplier, which is independent of time, is defined by

M =
1

1− α−1
α T

.

As a consequence, the higher the real income per capita, denoted by y(t), the
lower the share of income held by the upper class, or, equivalently, the higher
the share of income held by those households of type smaller than γ∗. This
increases monotonically with both the output multiplier and knowledge-based
productivity, and takes the form

y(t) =
Y (t)

p(t)L
=
w(t)L+Π(t)

p(t)L
=

1

1− α−1
α T

A(t)

α
=M

A(t)

α
. (8)

For now, the setting of the model is very much inspired by the static frame-
work in Murphy, Shleifer and Vishny (1989). However, two questions remain,
namely, what about the extent and the speed of the learning process, and how
do they depend on the entire income distribution?

2.4 Sectors of activity featuring learning by doing and the
middle class

At each date t, learning leads to an accumulation of experience at the sector
level, denoted by E(q, t). The level of knowledge-based productivity in the
economy, A(t), is then equal to the sum of experiences gathered over time by all
sectors that have implemented the IRS technology. Specifically, the accumulated
stock of knowledge at time t is defined by

A(t) =

Z q∗(t)

0

E(q, t)dq. (9)

We follow the literature on learning to describe progress at the sector level
(see Thompson 2010). Experience increases with cumulative production levels.
We adopt the following functional form for the experience accumulated in sector

9



q(t) over time interval (t∗ (q) , t):

E(q, t) =

"+ λ eE
Z t

t∗(q)

x(q, v)dv

1 + λ

Z t

t∗(q)

x(q, v)dv

, (10)

where λ > 0 describes the learning rate, t∗(q) denotes the date at which the IRS
technology was adopted for the first time by the activity sector that produces
good q(t), and x(q, v) is the level of output produced in this activity sector at
time v, t∗(q) ≤ v ≤ t.

First, note that
Z t

t∗(q)

x(q, v)dv = 0 implies that E(q, t) = ". Second,

E(q, t) is increasing monotonically, and is concave with an asymptote whenZ t

t∗(q)

x(q, v)dv ! 1, which is equal to eE. Let us now assume that " = 0, that

is, no learning occurred before a good q was produced with the IRS technology.

For ease of use, we adopt a linear approximation to (10) near
Z t

t∗(q)

x(q, v)dv = 0.

More specifically, we define the experience accumulated in sector q at time t
based on the cumulative level of production since it adopted the IRS technology
(see Melitz 2001). This yields

E(q, t) =

8
<

:
λ eE
Z t

t∗(q)

x(q, v)dv if
Z t

t∗(q)

x(q, v)dv < 1/λ

eE otherwise
. (11)

Hence, learning in every sector of activity is not only constrained by a
minimal-scale restriction but is also bounded from above, the upper bound be-
ing defined by eE, which is assumed to be exogenous and constant, both across
sectors and over time11.
At each date t, among those sectors of activity that use the IRS technology,

we can distinguish between two groups of sectors. The first group includes
sectors where learning is exhausted and has reached the upper bound, whereas
the second group includes those in which the accumulated experience has not
yet reached the upper bound. This group of sectors lies within the range of
activities (eq(t), q∗(t)), where eq(t) is defined by

E(eq, t) = eE ,
Z t

t∗(eq)
x(eq, v)dv = 1/λ, (12)

and where t− t∗(eq) denotes the time elapsed since good eq(t) was first produced
using the IRS technology.

11Note that, similar to Young (1993), we allow for transfers of knowledge across sectors.
Therefore, learning may not necessarily be bounded at the aggregate level and all sectors of
activity have a chance to benefit from accumulated knowledge over time.
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As soon as
Z t

t∗(q)

x(q, v)dv ≥ 1/λ, learning in sector q has reached the upper

bound eE, that is, the sector of activity has reached maturity. In addition to
q∗(t), there exists another marginal sector, eq(t), which is defined as the most
recent sector of activity at time t where learning has declined to zero. Solving
(12) yields a solution for eq(t). It follows that, similar to the γ∗ type household,
there is another key marginal household of type eγ(t) whose purchasing power
allows it to buy exactly the range of goods (0, eq(t)). Thus, our framework allows
us to provide an economic definition of who belongs to the middle class, although
we acknowledge that the term may mean di§erent things depending on one’s
perspective.

Definition 1 If households of type γ∗ and above constitute the upper-income
class, as long as γ < eγ(t) ≤ γ∗, mass consumers (the rest) may now be divided
into a low-income class, which includes households of types between γ and eγ(t),
and a middle-income class where we find households of types ranging from eγ(t) to
γ∗. If eγ(t) ≤ γ, the economy is composed of only two classes: the upper-income
class and the rest.

Learning eventually occurs only in an intermediate range of sectors of activity
(eq(t), q∗(t)), that is, those for which there is enough demand to prompt the
learning process but that have not yet exhausted the learning possibilities. In
contrast to the empirical literature on this subject, which identifies the middle
class by setting limits either in the people space (e.g. the middle 60 percent)
or the income space (e.g. 75%—125% of the median income), we stress the
importance of the size of the middle class in conjunction with its income share
as key determinants of sustained economic growth (see, discussions by Atkinson
and Brandolini 2013 and Dallinger 2013, among others).

3 Middle-class-led consumption, learning curves,
and growth

3.1 Distribution of income, production diversification, and
aggregate economic growth

Knowledge-based productivity A(t) is a function of the experience accumulated
by all sectors of the economy in which learning occurs and has already taken
place at time t. We thus rewrite (9) as

A(t) =

Z q∗(t)

0

E(q, t)dq = eEeq(t) +
Z q∗(t)

eq(t)
E(q, t)dq.

11



Changes in A(t) are the result of the experience accumulated in the economy
at time t:

Ȧ(t) =

Z q∗(t)

eq(t)
Ė(q, t)dq = λ eE

Z q∗(t)

eq(t)
x(q, t)dq,

and

Ė(q, t) =

{
λ eEx(q, t) if E(q, t) < eE and eq(t) < q ≤ q∗(t)
0 otherwise

,

Ė(q, t)

E(q, t)
=

8
><

>:
x(q, t)/

"Z t

t∗(q)

x(q, v)dv

#
if E(q, t) < eE and eq(t) < q ≤ q∗(t)

0 otherwise

.

Accumulated experience is a by-product of the economic activity in those
sectors where there is mass consumption. Given that x(q, t) = [1− F (γ(q, t))]L,
the evolution of demand in sector q is at the origin of its learning curve, which
explicitly depends on the survival function of the distribution of income. This
yields the following productivity rate of growth arising from economy-wide learn-
ing by doing:

g(t) =
Ȧ(t)

A(t)
= λ eE

Z q∗(t)

eq(t)

x(q, t)

A(t)
dq = λ eE

Z q∗(t)

eq(t)

[1− F (γ(q, t))]L
A(t)

dq. (13)

At each time t, the rate of growth of knowledge-based productivity equals
the amount of labor (excluding fixed costs) required to produce quantity x(q, t)
in sectors using the IRS technology and in which learning takes place. Thus,
unit cost reductions as a result of increased knowledge arise from increased
cumulative output brought about by both learning and economies of scale.
Whereas q∗(t) evolves over time, recall that γ∗ is constant over time and

equal to q∗(t)/y(t)L (see (2) and (8)). We use the change in variables γ(q, t) =
q/y(t)L to rewrite (13):

g(t) = λ eEy(t)L
A(t)

Z γ∗

eγ(t)
[1− F (γ)]Ldγ. (14)

This discussion allows us to establish the following important result.

Proposition 1 The rate of growth of A(t) is positively associated with the out-
put multiplier. It increases with the share of income held by those households
of type smaller than γ∗ and the proportion of total income held by the middle
class, and is equal to:

g(t) = λ eEM
α
L
h
γ∗N∗ + T −

h
eγ(t) eN(t) + eT (t)

ii
, (15)

12
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Figure 1: Middle-class identification and growth. Right quadrant: cumulative
incone distribution F (γ) and lower and upper cuto§s eγ (t) and γ∗, respectively.
Left quadrant: Lorenz curve, and middle-class size eN (t)−N∗ and income share
T − eT (t).

where M/α = y(t)/A(t), eN(t) = [1− F (eγ(t))]L, and eT (t) =
Z eγ(t)

γ

γf(γ)Ldγ.

Whenever eq(t) < q(t), which implies that eγ(t) < γ, we have F (eγ(t)) = f(eγ(t)) =
0, which yields eN(t) = L and eT (t) = 0.

Proof. Replacing (8) in (14) and integrating by parts
Z γ∗

eγ(t)
[1− F (γ)]Ldγ, we

obtain (15).
Figure 1, which is inspired by Atkinson and Brandolini (2013), contains

two graphical representations: the one on the left represents the Lorenz curve
associated with the cumulative income distribution F (γ), which is shown on
the right. Similar to the model of Murphy, Shleifer, and Vishny (1989) without
learning, γ∗N∗ + T is the proportion of total income spent in those sectors
that have implemented the IRS technology (see the left-hand panel of Figure
1). The rate of growth at time t depends on both the output multiplier and
the proportion of income that is spent in sectors where learning takes place
and is not yet exhausted, that is, given (8), on total income spent in the range
of sectors (eq(t), q∗(t)). Therefore, (15) provides us with a relationship between
growth and middle-class-led consumption, where growth depends on the share of
aggregate real income held by those households of type between eγ(t) and γ∗. The
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proportion of total income spent in the intermediate range of sectors (eq(t), q∗(t))
where learning takes place depends on both the size of the middle class eN(t)−N∗

and the share of total income held by the middle class T − eT (t). Intuitively, a
given middle-class share of total income may be high, but concentrated among
either a large or a small number of middle-class consumers, which depends on
the shape of the income distribution. Thus, the entire income distribution and,
more specifically, the middle class identified by its lower and upper bounds, eγ(t)
and γ∗, respectively, determines the extent of the learning process.
The right-hand panel of Figure 1 summarizes where the expenditure of vari-

ous consumers goes and represents those sectors of activity where learning takes
place. Indeed, as alluded to earlier, we have γ(q, t) = q/y(t)L. Thus, it also
allows us to determine the product development cycle, which moves through
three phases. During its first phase, demand is too low for a firm to implement
the IRS technology. Only the privileged upper class has access to a good that
is produced using a CRS production function by a competitive fringe. At this
stage, no learning takes place. However, learning may take place in upstream
sectors that produce higher-priority goods in the hierarchy of needs, which leads
to an increase in the real income of the middle class, giving some of its members
access to goods that were previously categorized as luxury goods and were only
a§ordable by the upper class. This is the second phase of the product cycle: the
good is now produced with increasing returns and a learning phase takes place.
Finally, learning eventually ceases and the good becomes a§ordable by a large
number of consumers, including the poor.

3.2 Distribution of income and the speed of learning

In the long run, as long as there is positive growth, a sector of activity q begins
producing good q with the CRS technology. At this stage, q can be considered
a luxury good and does not represent an essential need for consumers. It is
produced for specific consumers, namely the highest-income households N∗ of
type greater than γ∗. Then, it may go through a stage where it becomes, at
some point in time, the marginal sector q∗(t). It produces q in the amount
x(q∗, t) = [1− F (γ∗)]L. From then on, it starts to accumulate experience, the
magnitude of which depends on aggregate economic growth and the distribution
of income. Its apprenticeship may continue until the point of exhaustion, that
is, until it has reached the upper bound eE. When the sector has exhausted its
potential for learning, it becomes a marginal sector of activity eq(t) whose good
is purchased in quantity x(eq, t) = [1− F (eγ (t))]L (see the right-hand panel of
Figure 1).
How long does it take for a sector to reach the upper bound eE, that is, to

reach maturity? What is the duration of the learning period? The analysis
below can be seen as a survival analysis in which we are interested in the length
of time before the upper bound is reached by a sector once it has implemented
the IRS technology.
Note first that the experience accumulated by one sector of activity depends
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on its market size and growth rates over the period prior to the point at which
it reaches eE. Thus, changes in the demand structure depend on aggregate
economic growth and the income distribution. As long as aggregate economic
growth is taking place, the growing demand in a sector of activity depends on
the hazard rate of the income distribution. More specifically, if y(t) increases
by 1% during the learning process, the demand for good q increases by γ(q, t)
times the hazard rate f(γ(q, t))/ [1− F (γ(q, t))], as summarized in the following
proposition.

Proposition 2 At time t, the income elasticity of demand for any good q de-
pends on the hazard rate of the income distribution f (γ(q, t)) / [1− F (γ (q, t))],
which is the number of households of type γ(q, t) relative to the number of house-
holds whose income is greater than γ(q, t):

.
x(q, t)

x(q, t)
/

.
y (t)

y(t)
= γ(q, t)

f (γ(q, t))

1− F (γ (q, t))
. (16)

Proof. Let us start with

.
x(q, t) =

@ [1− F (γ (q, t))]L
@t

= −f (γ(q, t))L
@γ (q, t)

@t
,

where γ (q, t) = q/y(t)L implies that @γ (q, t) /@t = −(q/y2(t)L)(@y(t)/@t). We
get

.
x(q, t) = f (γ(q, t)) γ (q, t)L

.
y (t)

y(t)
)

.
x(q, t)

x(q, t)
= γ(q, t)

f (γ(q, t))

1− F (γ (q, t))

.
y (t)

y(t)
.

Second, recall from (11) that for all q 2 (eq (t) , q∗ (t)), the experience accu-
mulated at time t by the sector of activity indexed by q is described using the
survival function 1− F (γ(q, t)):

E(q, t)

eE
= λ

Z t

t∗(q)

x(q, v)dv = λ

Z t

t∗(q)

[1− F (γ (q, v))]Ldv.

We find that learning duration is determined by the law of motion of demand
for eq over the learning period. Specifically, our analysis leads to the following
proposition.

Proposition 3 The learning process in the sector of activity eq that has reached
maturity eE at time t has a duration of t− t∗(eq), where t∗(eq) is such that

E(eq, t)
eE

= 1,
Z t

t∗(eq)
x (eq, v) dv =

Z t

t∗(eq)
[1− F (eγ (v))]Ldv = 1

λ
, (17)

with eγ (v) = γ∗ exp

 Z v

t∗(eq)
g (eq,m) dm

!
, (18)
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and g (eq,m) = .
x(eq,m)/x(eq,m) is the rate of change that the sector of activity eq

experiences at time m. When eγ (v) < γ, then F (eγ (v)) = 0.
(i) Learning duration is thus determined by the law of motion of demand

for eq over the time interval (t∗(eq), t), where changes in demand depend on
the income elasticity of demand for eq, which itself evolves over the learning
process according to both aggregate economic growth

.
y (v) /y(v) and the hazard

rate f(eγ(v))/ [1− F (eγ(v))].
(ii) From t∗ (eq) to t, the higher prior economic growth in the eq sector of

activity, the shorter the duration of the learning process:

d(t− t∗(eq))
dg
(
eq, ť
) ≤ 0, 8t∗(eq) ≤ ť ≤ t. (19)

Proof. The claims follow immediately from the implicit di§erentiation of (17).
See the Appendix for details.
Finally, the shape of the income distribution in the range (eγ(t), γ∗) or, equiv-

alently, (eq(t)/y(t)L, q∗(t)/y(t)L), determines the duration of the lifelong learn-
ing process in a sector of activity: the higher the rate of growth of demand, the
shorter the apprenticeship period and the sooner the sector reaches maturity.

4 The middle class as both an input and an out-
come of growth

It is now clear that the combined composition of aggregate demand and the
learning process as determined by the entire income distribution implies that
mass consumption at time t of the intermediate range of goods (eq(t), q∗(t)) is
the engine of growth that enables an economy to keep moving forward. We now
turn to the identification of the middle class (i.e. households of type ranking
from eγ(t) to γ∗), which is derived from past economic growth.

4.1 The size of the middle class increases with past eco-
nomic growth

Recall that the upper cuto§, which demarcates the middle class from the upper
class γ∗, is determined regardless of the state of economic growth. It depends
on the income distribution, the size of the labor force, and both CRS and IRS
technology cost parameters. Only the lower cuto§ of the middle class depends
on prior economic growth. In fact, the higher the past economic growth, the
lower the lower bound of the middle class eγ(t) or, equivalently, the larger the
size of the middle class, as stated in the following proposition.

Proposition 4 At time t, the size of the middle class eN (t)−N∗ is an increas-
ing function of compound growth for good eq over its learning period and, as a
consequence, of past aggregate economic growth. For eγ(t) > γ, we have:

d(γ∗ − eγ(t))
dg
(
eq, ť
) > 0)

d eN (t)
dg
(
eq, ť
) > 0, with t∗(eq) ≤ ť ≤ t.
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Proof. The claim follows from the di§erentiation of (18). See the Appendix
for details.
Hence, the delimitation of the size of the middle class and its relative position

in the income hierarchy are explicitly derived from past economic growth.

4.2 The steady-state growth rate and the size and share
of total income of the middle class

We are now in a position to determine the aggregate rate of growth and both the
size and share of total income of the middle class in the steady-state equilibrium.
First, it must be noted that in the steady state, we have (see (8)):

g =
Ȧ (t)

A(t)
=
ẏ (t)

y(t)
=
q̇∗(t)

q∗(t)
= constant.

Once it is recognized that the middle class is not only an input, but also an
outcome of economic growth, we can establish the following proposition.

Proposition 5 The size and share of total income of the middle class in the
steady-state equilibrium depend on aggregate economic growth g, such that eγ
satisfies the following equality:

g

λ
=

Z γ∗

eγ

[1− F (γ)]L
γ

dγ = N∗ ln(γ∗)− eN ln(eγ) +
Z γ∗

eγ
ln(γ)f(γ)Ldγ, (20)

with eN = [1− F (eγ)]L and eT =
Z γ∗

eγ
γf(γ)Ldγ.

Proof. See the Appendix.
The model therefore provides us with an example of an economic relationship

between middle-class-led consumption and aggregate economic growth, where
the former plays a key role in the latter, while past economic growth determines
both the size and the income share of the middle class. We obtain the following
solutions (g, eγ) to equations (15) and (20):

8
><

>:

g/λ = eELMα
h
γ∗N∗ + T −

h
eγ eN + eT

ii

g/λ = N∗ ln(γ∗)− eN ln(eγ) +
Z γ∗

eγ
ln(γ)f(γ)Ldγ

. (21)

with eN = [1− F (eγ)]L and eT =
Z γ∗

eγ
γf(γ)Ldγ.

In the next section, we study these conditions in terms of inequality and
the values of the various parameters for which there will be positive long-term
economic growth as well as the trade-o§ underlying the inverted-U relationship
between inequality and growth.
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5 Bounded learning by doing, inequality, and
sustained growth in the long run

From that point on, conditions regarding the parameters of both the CRS and
IRS production functions, the size of the labor force, and the income distribution
are crucial to ensuring that there is sustained growth in the long run. This
requires that certain conditions be met.

5.1 Necessary and su¢cient conditions for sustained growth

The system of equations (21) can be written as follows:

g = Λ (g) = λ eELM
α

h
γ∗N∗ + T −

h
eγ (g) eN (g) + eT (g)

ii
for eγ > γ, (22)

where eγ (g), eN (g), and eT (g) are implicitly defined by equation (20).
First, di§erentiation of equation (22) implies that

dΛ (g)

dg
= −

λ eEL
α
M

"
eN(g) + eγ(g)d

eN(g)
deγ(g) +

d eT (g)
deγ(g)

#
deγ(g)
dg

. (23)

Using equation (20) and both eN = [1− F (eγ)]L and eT =
Z eγ

γ

γf(γ)Ldγ, we ob-

tain deγ(g)/dg, d eN(g)/deγ(g), and d eT (g)/deγ(g), respectively, which are replaced
in (23) to obtain

dΛ (g)

dg
> 0 and

d2Λ (g)

dg2
< 0.

Second, note from (20) that

eγ = γ∗ , g = 0) Λ (0) = 0, and lim
g!1

eγ (g) = 0) lim
g!1

dΛ (g) /dg = 0 .

Hence, there exists one fixed point that exhibits positive growth if

dΛ (g)

dg

∣∣∣∣
g=0

> 1 and
dΛ (g)

dg

∣∣∣∣
g 6=0,g=Λ(g)

< 1, eE > Ec (α, C, L, F ) , (24)

where

Ec (α, C, L, F ) ≡
α

γ∗L

[
1−

α− 1
α

T

]
=

1

γ∗L

α

M
. (25)

5.1.1 The relevance of economies of scale and learning possibilities
for sustained growth

Recall that learning may only occur in those sectors of activity using the IRS
technology, and that it is bounded from above. The analysis then establishes
the following proposition.
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Proposition 6 For there to be a fixed point with positive growth, eE must be
greater than a critical level Ec (.), which decreases with the output multiplier
M , and where Ec (.) is a decreasing function of α and L and an increasing
function of C.

Proof. See the Appendix.
The above proposition shows that relaxing the minimal-scale restriction (see

the break-even condition (7)) will yield positive growth for a lower upper bound
for learning eE. The higher the fixed cost and the lower the markup and the size
of the labor force, the smaller the ability of many sectors to exploit economies of
scale, which in turn yields both a low output multiplier process and aggregate
demand spillovers that are limited in scope. In such a situation, a higher upper
bound for learning is necessary to o§set the impact of either a fall in α and L
or a rise in C.

5.1.2 Conditions of inequality and learning for sustained growth

As shown in (25), the critical level Ec (α, C, L, F ) also depends on the distri-
bution of income. More specifically, it depends on both the lower and upper
bounds of the middle class, that is eγ and γ∗, respectively.

Very unequal versus perfectly egalitarian distribution of income and
growth Let us consider the limiting cases of either a very unequal or almost
perfectly egalitarian economy.

Proposition 7 On the one hand, there can be no growth in a very unequal
economy. On the other hand, an economy that tends toward perfect equality
exhibits a positive growth rate only if eE > Ec (.) = 1 + C/L.

On the one hand, in a highly unequal economy where a small number of
households owns nearly all of the wealth, the IRS technology is confined to a
small range of sectors of activity with limited opportunities for learning. Mean-
while, the upper class consumes a wide range of goods, most of them being
produced with the CRS technology. Thus, aggregate demand spillovers only
have a limited scope and the ability to exploit economies of scale remains mod-
erate. This results in a low multiplier e§ect. Furthermore, middle-class-led
consumption determines the growth rate of the economy, which also depends
on the share of income that is spent in sectors of activity where learning takes
place in each period. In a very uneven economy, there are no middle-market
consumers, which explains the no-growth scenario. On the other hand, an econ-
omy with an almost perfectly egalitarian distribution of income needs to have a
large enough population and/or a low minimum scale restriction to be able to
prompt the learning process and exhibit positive growth in the long run. What
happens in between these two extremes is ambiguous.
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Inequality, income transformation and growth How does income trans-
formation influence the size and income position of the middle class? We have
the following proposition.

Proposition 8 Given two economies where Economy I Lorenz dominates Econ-
omy II, if an income transformation from II to I increases the purchasing power
of the middle and lower classes in Economy II at the expense of its upper class,
Economy II will see its steady-state growth rate rise. Furthermore, an income
transformation from II to I that increases the purchasing power of the lower
class in Economy II at the expense of its middle class leads to a drop in the
steady-state rate of growth.

Proof. The proof is based on the results set out in Hemming and Keen (1983).
See the Appendix for details.
Therefore, our model has implications for growth-enhancing strategies by

means of specific income transformations. There is an improvement in economic
growth as long as an income transformation expands the total income held by
either the middle class or the lower class at the expense of the upper class.
In both instances, the amount of output produced with the IRS technology
increases with a decline in inequality, which means a lower share of income held
by the upper class, 1 − T . At the same time, the share of income held by the
rest, L − N∗, increases, expanding markets in the range (0, q∗) and achieving
corresponding economies of scale. Put di§erently, the share of total income spent
in IRS sectors γ∗N∗ + T increases. This leads to a higher transformed output
multiplier, which in turn yields greater economic e¢ciency thanks to larger scale
economies. Eventually, this has a positive e§ect on economic growth.
When the income transformation increases the purchasing power of the mid-

dle class at the expense of the upper class, in addition to the rise in T , there
is a positive middle-class size e§ect. It turns out that the purchasing power
of the "transformed" middle class that contributes to the rate of growth in-
creases. Not only does the multiplier rise but we also observe an improvement
in the proportion of income spent in sectors of activity where there is learning
potential. In the end, what matters for growth is also the relative change in
γ∗N∗ + T compared with that in eγ eN + eT . Thus, an economy in which a large
share of income is concentrated in the hands of the upper class such that there
is no growth may experience sustainable growth through a redistribution to the
rest. This growth will be driven by the positive e§ect of redistribution on the
multiplier that in turn leads to a decline in Ec (.).
Let us now consider that the income transformation is at the expense of the

initial middle class and that it is for the benefit of the lower class. Even though
such a transformation tends to make the income distribution more equal, it has
no impact on the output multiplier. Recall that lower-class households spend all
of their income in sectors where learning is exhausted. It is interesting to note
that the total share of post-transfer income held by the "transformed" middle
class declines, which results in a smaller steady-state rate of growth. It is thus
entirely possible for an economy with a Lorenz-dominating distribution to be
characterized by both a lower growth rate and a weaker middle class.
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5.2 Inverted-U relationship between inequality and growth

At this stage, it is necessary to specify the distribution of income F (γ). We
adopt the Pareto distribution, which exhibits useful properties as a functional
form for income distribution: F (γ) = 1−(γ/γ)β with β > 1 as the shape parame-
ter, and γ ≥ γ > 0 as the scale parameter. The larger the value of parameter β,
the more equal the distribution of income. Put di§erently, dispersion increases
monotonically as β decreases. Note that β = γ(q, t)f (γ(q, t)) / [1− F (γ (q, t))]
implies that (see Proposition 2):

.
x(q, t)

x(q, t)
= β

.
y (t)

y(t)
.

The income elasticity of demand addressed to each sector q 2 (q(t), q∗(t)) is
equal to the Pareto shape parameter12 . Moreover, It is constant across all
sectors of activity q > q(t). In the Pareto case, the system of two equations (21)
becomes 8

<

:
g = β−1λ eEL [M/α]

h
T − eT

i

g = β−1λ
h
eN −N∗

i ,

which leads to a solution for eγ and g and, consequently, for both the size of the
middle class eN −N∗ and its share of total income T − eT . We show that there is
an inverted-U-shaped relationship between T − eT and β. Let us take advantage
of both changes in variables, n = N/L and b = (β − 1)/β. When we use the
Pareto distribution, we have:

T (b)− eT (b) = (en)b − (n∗)b ) @
(
(en)b − (n∗)b

)
/@b = (en)b ln en− (n∗)b lnn∗.

Denote b as the unique solution to

@
(
(en)b − (n∗)b

)
/@b = 0,

 (
en
n∗

)b
ln en− lnn∗

!
(n∗)

b
= 0.

Furthermore, we have:

@2
(
(en)b − (n∗)b

)
/@b2

∣∣∣
b=b

=

(
en
n∗

)b
ln en ln en

n∗
≤ 0.

Therefore, T (b)− eT (b) has a unique maximum.
Recall now that the Gini coe¢cient of a Pareto distribution is equal to

1/(2β−1). Thus, the inequality (β−1)/β > 1/α yields Gini < (α− 1) / (α+ 1).
Consider a markup of (α − 1)/α, which is equal to 0.2, meaning α = 1.25. In
12Another interesting property of the Pareto shape distribution in our framework is that:

β =
1− T

1− (γ∗N∗ + T )
.
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Figure 2: Inequality (β−1)/β, upper bound value of learning eE, and the income
share of the middle class T − eT .

this particular case for α, the above inequality is such that Gini < 0.11. Gini
coe¢cients across countries reveal that the assumption that (β − 1)/β < 1/α is
more realistic.
To illustrate the inverted-U relationship between inequality and growth in

the steady state, we provide a small numerical example (presented in Figure
2 and Figure 3) where the values of the parameters are set as follows: the
learning rate λ is set to 0.1, the labor force L equals 1, and the fixed cost C
and α are set to 0.025 and 1.25, respectively. Thus, we have L > C/(α − 1)
and the calculations are performed for values of the parameter (β− 1)/β < 1/α
, (α− 1) /αβ < 1 (see (28) in the Appendix).
This numerical example shows the inverted-U relationship between inequal-

ity as measured by (β−1)/β and both T − eT (see Figure 2) and the steady-state
growth rate g (see Figure 3)13 . It also shows that given the same level of equality,
the growth rate increases with eE.

13An inverted-U relationship between inequality and growth also appears when the distri-
bution of incomes is specified with a log-normal distribution. Graphic representations are
available upon request.
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Figure 3: Inequality (β−1)/β, upper bound value of learning eE, and the steady-
state growth rate g.

5.3 Learning by doing: the "range—speed" trade-o§

The inverted-U-shaped relationship represented in Figure 3 corroborates the
idea that beyond a certain level of (in)equality, growth starts to decrease. Too
much equality slows down economic growth. This is also the case for a polar-
ized income distribution. Here, it is useful to think in terms of the way the
distribution of income a§ects the allocation of labor across sectors where some
potential for learning exists. As discussed above, a sector can learn and reach
the upper bound eE more or less rapidly depending on the rate of growth of de-
mand for its good, which in turn depends on the income distribution. Therefore,
there is a trade-o§ between the learning speed within a sector, which depends
on the income elasticity and the range of sectors in which learning takes place
(eq(t), q∗(t)). An economy cannot simultaneously learn quickly in a wide range
of sectors. It is constrained in this respect by its income/skills distribution and
the size of its labor force.
Imagine that a peak arises in the distribution of income. That is, a high

proportion of households in the economy now share the same γ. Furthermore,
imagine that this leads to a high demand for some goods whose learning poten-
tial has not yet been exhausted. The high demand for these goods requires the
allocation of a significant amount of labor to their sectors. This may be so great
that not only will learning rapidly cease, but a residual part of the workforce or,
equivalently, skills allocated to these sectors may generate no extra productiv-
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ity; learning is indeed bounded from above. It would then be more e¢cient in
terms of cumulative learning experience to reallocate these skills to other sectors
that have not exhausted their learning potential. However, given how goods are
arranged in order of decreasing hierarchy of needs, the demand for such goods
may be insu¢cient to carry out this reallocation of labor to a downstream sec-
tor, whilst learning may be exhausted in upstream sectors. Thus, for particular
values of the technical parameters, a distribution of income that either deteri-
orates into a very unequal distribution or that approaches an almost perfectly
egalitarian distribution may produce a decline in the economy’s steady-state
growth rate. Eventually, the trade-o§ consists of learning quickly in a small
number of sectors versus learning more slowly in a broad range of sectors. Such
a trade-o§ is for the most part influenced by the entire distribution of income,
which governs the product cycle.
On the one hand, lack of economies of scale hurts non-egalitarian societies

with a small elite, which in turn prevents technology maturation through learn-
ing by doing. On the other hand, in a society characterized by an egalitarian
distribution of income, the learning process occurs rapidly; however, it is con-
fined to a small number of sectors that attract most (too much) of the labor
force, eventually preventing the economy from moving ahead. This refers pri-
marily to what we call a "range—speed" trade-o§.

6 Conclusion

We have constructed a model whereby we examine a new relationship between
inequality and economic development. Specifically, our model provides an eco-
nomic relationship between middle-class-led consumption and growth, where the
latter depends on both the size and share of total income held by the middle
class, the delimitation of the size of the middle class and its relative position
in the income hierarchy being explicitly derived from past economic growth.
Hence, it is not so much the level of inequality as the share of income owned by
the middle class that determines whether an economy is to move forward.
By focusing on implementation rather than invention, we investigate the re-

lationship between the composition of demand, as determined by the entire dis-
tribution of income/skills, and both the speed and duration of learning spreading
over a smaller or larger number of sectors. On the one hand, in a highly unequal
economy where a small number of households owns nearly all of the wealth, scale
economies are confined to a small range of sectors with limited opportunities
for learning. There are no middle-market consumers, which leads to stagnation.
On the other hand, an economy with an almost perfectly egalitarian income
distribution needs to have a large population and/or a low minimum scale re-
striction to be able to ignite the learning process and achieve positive growth in
the long run.
Finally, we show that there is a labor/skills allocation trade-o§ in terms of

the range of sectors in which learning may occur simultaneously versus the speed
at which learning takes place in each sector of activity. This "range—speed"
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trade-o§ depends on the entire distribution of income and, more specifically, on
the survival function, which determines the pace of learning in a sector of activ-
ity. Thus, there is a level of inequality, measured here by the shape parameter
of the survival function, namely the income elasticity of demand, which maxi-
mizes economic growth. This trade-o§ yields an inverted-U-shaped relationship
between growth and inequality where beyond a certain level of (in)equality,
growth starts to decrease. As long as redistribution expands the middle and
lower classes (i.e. "the rest") at the expense of the upper class, growth in-
creases. A redistributive policy that supports the poor at the expense of the
middle class is, on the contrary, detrimental to growth. Thus, our model also has
implications for growth-enhancing policies by means of specific transformations
of the income distribution.
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8 Appendices

8.1 Price equilibrium

Proof. On the one hand, at time t, a monopolist entering the market for a
particular good q cannot set a price higher than the competitive price with-
out giving way to a competitive fringe of firms. On the other hand, could
he seriously consider increasing profits by lowering the price unilaterally below
p(t) = αw(t)/A(t) (i.e. while all other firms keep their price unchanged)? The
answer is no, as long as the marginal profit satisfies the following condition:

@π(q, t)

@bp(q, t) =
@bx(q, t)
@bp(q, t)

[
bp(q, t)− w(t)

A(t)

]
+ bx(q, t) > 0 (26)

, −
@bx(q, t)
@bp(q, t)

bp(q, t)
bx(q, t)

[
bp(q, t)− w(t)/A(t)

bp(q, t)

]
< 1,

with bp(q, t) ≤ p(t), and where bx(q, t) = [1− F (γ (bq, t))]L is the e§ective demand
for good q produced at bp(q, t). In other words, the price elasticity of demand
multiplied by the price-cost margin should not exceed unity.
Let us define bq ≤ q such that

1

q

1

bp(q, t) =
1

bq
1

p(t)
) bq = bp(q, t)

p(t)
q.

Customers for the variety of good q include all those that are rich enough
to buy bq (i.e. households of type γ ≥ γ(bq, t) where γ(bq, t) = bq(t)/y(t)L =
[bp(q, t)q] / [p(t)y(t)L]). Let f(γ) be the density of γ type households. We also
define β(γ) ≡ γf(γ)/ [1− F (γ)]. The price elasticity of demand for good q can
be written as follows

−
@bx(q, t)
@bp(q, t)

bp(q, t)
bx(q, t) =

f(γ(bq, t))q
p(t)y(t)

bp(q, t)
[1− F (γ (bq, t))]L (27)

=
f(γ(bq, t))γ(bq, t)
[1− F (γ (bq, t))])L

p(t)y(t)L

p(t)y(t)
=
γ(bq, t)f(γ(bq, t))
1− F (γ(bq, t)) = β(γ(bq, t)).

We can show that using (26) and (27), we have:

−
@bx (q, t)
@bp (q, t)

bp (q, t)
bx (q, t)

[
bp(q, t)− w (t) /A (t)

bp (q, t)

]
= β (γ(bq, t))

[
bp(q, t)− w(t)/A(t)

bp(q, t)

]

< β (γ(bq, t))
[
p(q, t)− w(t)/A(t)

p(q, t)

]
=
α− 1
α

β (γ (bq, t)) .
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Therefore, the following inequality provides a su¢cient condition for ruling out
price-cutting equilibria:

α− 1
α

β (γ(bq, t)) < 1) −
@bx(q, t)
@bp(q, t)

bp(q, t)
bx(q, t)

[
bp(q, t)− w(t)/A(t)

bp(q, t)

]
< 1. (28)

Indeed, as long as (26) is satisfied, when a firm with access to IRS technology
in industry q aims to cut the price below αw(t)/A(t), it is unable to expand
its customer base to such an extent as to compensate for the loss in profit per
customer, thus discouraging price-cutting. In our framework, such a condition
results in (28). The income distribution should not degenerate around any γ
type.

8.2 Proof of Proposition 3: learning duration and income
elasticity

Proof. Implicit di§erentiation of
Z t

t∗(eq)
[1− F (eγ(v))]Ldv = 1/λ yields:

"
N∗ + g (t∗(eq))

Z t

t∗(eq)
f (eγ (v)) eγ (v)Ldv

#
dt∗(eq) = dg

(
eq, ť
) Z t

ť

f (eγ (v)) eγ (v)Ldv

)
dt∗(eq)
dg
(
eq, ť
) =

Z t

ť

f (eγ (v)) eγ (v)Ldv

N∗ + g (t∗(eq))
Z t

t∗(eq)
f (eγ (v)) eγ (v)Ldv

≥ 0,
d (t− t∗(eq))
dg
(
eq, ť
) = −

dt∗(eq)
dg
(
eq, ť
) ≤ 0.

Let t(eq) be the time when good eq is purchased by all households. That is,

eq (t) = γy (t (eq))L, γ = eγ (t (eq)), γ = γ∗ exp

 
−
Z t(eq)

t∗(eq)
g (m) dm

!
.

Because f (eγ (v)) = 0 for eγ (v) < γ, two di§erent situations should be distin-
guished. First, t < t (eq), which implies that d (t− t∗(eq)) /dg

(
eq, ť
)
< 0. Second,

t ≥ t (eq), which yields d (t− t∗(eq)) /dg
(
eq, ť
)
< 0 as long as ť < t (eq), and

d (t− t∗(eq)) /dg
(
eq, ť
)
= 0 as soon as ť ≥ t (eq).

8.3 Proof of Proposition 4: middle-class size and com-
pound growth

Proof. On the one hand, implicit di§erentiation of eγ (t) = γ∗ exp

 
−
Z t

t∗(eq)
g (m) dm

!

yields

deγ (t)
dg
(
eq, ť
) = γ∗ exp

 
−
Z t

t∗(eq)
g (m) dm

!
g (t∗(eq)) dt

∗ (eq)
dg
(
eq, ť
)−γ∗ exp

 
−
Z t

t∗(eq)
g (m) dm

!
.
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Because dt∗ (eq) /dg
(
eq, ť
)
≤ 0 (see the Proof of Proposition 3 above), we also

have deγ (t) /dg
(
eq, ť
)
≤ 0. On the other hand,

eN (t) = [1− F (eγ (t))]L) d eN (t)
dg
(
eq, ť
) = −f (eγ (t)) deγ (t)

dg
(
eq, ť
) ≥ 0.

From Proposition 2, it is clear that if eN (t) is a function of g
(
eq, ť
)
, then it also

depends on
.
y(ť)/y(ť). Two cases must be distinguished depending on whether

t Q t (eq). As long as t < t (eq), we have d eN (t) /dg
(
eq, ť
)
> 0 while as soon

as ť ≥ t (eq), then eγ (t) ≤ γ, which yields eN (t) = L and, as a consequence,

d eN (t) /dg
(
eq, ť
)
= 0.

8.4 Proof of Proposition 5: size and share of income of
the middle class

Proof. Note that γ∗ = eγ(t∗(eq)) = eq(t)/y(t∗(eq))L, with y(v) = y(t∗(eq)) exp(−g(v−
t∗(eq)) for t∗(eq) ≤ v ≤ t. This implies that eγ(v) = γ∗ exp(−g(v − t∗(eq)). Total
di§erentiation of the latter leads to

deγ(v) = −γ∗ exp(−g(v − t∗(eq))gdv = −eγ(v)gdv , dv = −
deγ(v)
eγ(v)g .

By replacing in (17), we obtain
Z γ∗

eγ

[1− F (γ)]L
γ

dγ =
g

λ
.

Integrating by parts
Z γ∗

eγ
([1− F (γ)]L/γ) dγ then yields (20).

8.5 Proof of Proposition 6: scale economies, learning po-
tential, and growth

Proof. Using the break-even condition (7), it is easy to verify that
dγ∗

dα = 1−F (γ∗)
(α−1)f(γ∗) > 0,

dγ∗

dL = 1−F (γ∗)
f(γ∗)L > 0, dγ∗

dC = − 1
(α−1)f(γ∗)L < 0,

which implies that

dEc (.)

dα
=

1

γ∗L

[
1−

α

α− 1
1− F (γ∗)
f (γ∗) γ∗

+

[
1− F (γ∗)
f (γ∗) γ∗

− 1
]
T − [1− F (γ∗)] γ∗

]
< 0

,
α− 1
α

f (γ∗) γ∗

1− F (γ∗)
< 1 (see the price equilibrium section above);

dEc (.)

dL
= −

[
Ec (.)

γ∗
+ (α− 1) f(γ∗)

]
(1− F (γ∗))
f (γ∗)L

−
α

γ∗ (L)
2 < 0;

dEc (.)

dC
=

[
Ec (.)

γ∗
+ (α− 1) f(γ∗)

]
1

(α− 1) f (γ∗)L
> 0.
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8.6 Proof of Proposition 7: very unequal versus almost
perfectly egalitarian income distribution and growth

Proof. First, for a very unequal distribution of income, the Lorenz curve is such
that its slope tends to be zero for γ ≤ γ ≤ γ∗. Thus, we have γ ≈ eγ ≈ γ∗ ≈ 0
which implies both T ≈ eT ≈ 0 andM ≈ 1. Replacing in (15) immediately leads
to g = 0. Second, for an almost perfectly egalitarian distribution of income, the
Lorenz curve approaches the 45

◦
line, and we have γ ≈ γ∗ ≈ 1/L which implies

that T ≈ 1−N∗/L, eT ≈ 0, and M ≈ α/(1+C/L). Again, replacing in (15) we
obtain:

g = λ eEL 1

1 + C/L
[1− eγL] .

Using (20) and F (γ) ≈ 0 for γ < γ∗, we get

g

λ
= L

Z γ∗

eγ

1

γ
dγ = L ln

(
1

eγL

)
,

which implies that eγL = exp(−g/λL). Eventually, if we substitute this result
into the above expression, the steady-state growth rate becomes

g = Λ(g) = λ eEL 1

1 + C/L
[1− exp(−g/λL)]

)
dΛ(g)

dg

∣∣∣∣
g=0

=
eE

1 + C/L
> 1, eE > Ec (.) = 1 + C

L
.

8.7 Proof of Proposition 8: inequality, transformation of
income, and growth

The proof proceeds in two parts. The first part consists of demonstrating that an
income transformation that increases the purchasing power of either the initial
middle class or the lower class to the detriment of the initial upper class will
produce an upward shift of Λ(g), which eventually leads to a new equilibrium
with a higher steady-state rate of growth. In the second part, we show that an
income transformation that benefits the initial lower class at the expense of the
initial middle class lowers economic growth.
Proof. 1.a/ Let us assume the following income transformation (see Figure
4), where the post-transfer income distribution Lorenz dominates the initial
distribution of income:

γr =  (γ, τ) =

8
<

:

γ 8γ 2
[
γ, eγ

[

γ + ' (γ, τ) 8γ 2 [eγ, γ∗]
γ − ρ (γ, τ) 8γ 2 ]γ∗,1[

,

where  (.) is positive, monotone-increasing, and continuous with γ and τ > 0
reflecting the intensity of income redistribution, that is @' (γ, τ) /@τ ≥ 0 and
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Figure 4: Income transformation from the upper to the middle class.

@ρ (γ, τ) /@τ ≤ 0. In addition, we have eγr = eγ and γ∗r = γ∗, which im-

plies that ' (eγ, τ) = ' (γ∗, τ) = ρ (γ∗, τ) = 0 and
Z γ∗

eγ
' (γ, τ) f (γ) dγ =

Z 1

γ∗
ρ (γ, τ) f (γ) dγ. First, such an income transformation verifies the single-

crossing condition (see Hemming and Keen 1983, p. 374) such that a higher τ
shifts the Lorenz curve further toward the line of perfect equality. Second, note
that it implies that Fr(γr) = F (γ). Then, using dγr =

@ (γ,τ)
@γ dγ, we get

dFr(γr) = dF (γ)) fr (γr) = f (γ)

(
@ (γ, τ)

@γ

)−1
.

Finally, the middle-class share of post-transfer income becomes:

Tr (γ
∗
r , τ) =

Z γ∗r

γ
r

γrfr (γr) dγr =

Z γ∗

γ

 (γ, τ) f (γ) dγ = T (γ∗)+

Z γ∗

eγ
' (γ, τ) f (γ) dγ.

Let γ∗r (τ) be the implicit solution to 1−Fr(γ∗r (τ)) = C/ ((α− 1)L), where
γ∗r (τ) is the post-transfer income of household of type-γ

∗ (τ), which is equal to
 −1 (γ∗r (τ)) and defined as the upper cuto§ for the middle class after transfor-
mation. Given that 1−F (γ∗) = C/ ((α− 1)L) and γ∗r (τ) =  (γ∗ (τ)) = γ∗ (τ),
we get γ∗r (τ) = γ∗ (τ) = γ∗.
We now analyze the e§ect of an income transformation on Λ (g) (see (22)).

The system of equations (21) can be rewritten in terms of both the transformed
multiplier Mr(τ) and the post-transfer middle-class share of total income de-
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noted by N (eγ (τ) , τ):

g = Λ (eγ (τ) , τ) = λ eELMr(τ)

α
N (eγ (τ) , τ) (29)

g/λ = Γ (eγ (τ) , τ) = N∗ ln (γ∗)− [1− F (eγ (τ))]L ln (eγ (τ) + ' (eγ (τ) , τ))(30)

+

Z γ∗

eγ(τ)
ln (γ + ' (γ, τ)) f (γ)Ldγ

where eγ (τ) = eγ (g, τ) is the implicit solution to (30) so that the household
of eγ (τ) type is the new lower cuto§ for the middle class after transformation,

N (eγ (τ) , τ) ≡
Z γ∗

eγr(τ)
[1− Fr(γr)]Ldγr, and eγr (τ) = eγ (τ) + ' (eγ (τ) , τ) is the

post-transfer income of household of type eγ (τ). The righ-hand side of (30) is

the result of the integration by part of
Z γ∗

eγr(τ)

1−Fr(γr)
γr

dγr.

Total di§erentiation of (29) leads to

dg =
λ eEL
α

"
@Mr(τ)
@τ N (eγ (τ) , τ) +Mr (τ)

@N(eγ(τ),τ)
@τ dτ

+Mr (τ)
h
@N(eγ(τ),τ)
@eγ(τ)

@eγ(g,τ)
@g dg + @N(eγ(τ),τ)

@eγ(τ)
@eγ(g,τ)
@τ dτ

i
#
.

Therefore, we have

dg/dτ

g
=

[
1− λ eELMr(τ)

α

@N (eγ (τ) , τ)
@eγ (τ)

@eγ (g, τ)
@g

]−1
(31)

2

4
@Mr(τ)
@τ

Mr(τ)
+

@N(eγ(τ),τ)
@τ + @N(eγ(τ),τ)

@eγ(τ)
@eγ(g,τ)
@τ

N (eγ (τ) , τ)

3

5 .

First, note that

λ eELMr(τ)

α

@N (eγ (τ) , τ)
@eγ (τ)

@eγ (g, τ)
@g

= λ eELMr(τ)

α
(eγ (τ) + '(eγ (τ) , τ)) ,

where @eγ (g, τ) /@g is the implicit derivative of eγ (g, τ) using (30):

@eγ (g, τ)
@g

=
1

λ

[
@Γ (eγ (τ) , τ)

@eγ (τ)

]−1
.

Using properties of Λ (g) as discussed in Section 5.1, we infer that for g such
that Λ (g, τ) = g, we have @Λ (g, τ) /@g < 1, where

@Λ (g, τ)

@g
= λ eELMr(τ)

α
(eγ (τ) + '(eγ (τ) , τ)) ,

which implies that
"
1−

λ eEL
α
Mr (τ)

@N (eγ (τ) , τ)
@eγ (τ)

@eγ (g, τ)
@g

#−1
> 0.
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Second, the transformed multiplier is given by

Mr(τ) =
1

1− α−1
α

"
T (γ∗) +

Z γ∗

eγ(τ)
' (γ, τ) f (γ) dγ

#

)
@Mr (τ) /@τ

Mr(τ)
=Mr

α− 1
α

Z γ∗

eγ(τ)

d' (γ, τ)

dτ
f (γ) dγ > 0.

Finally, the share of total income held by those households that are now part
of the "transformed" middle class can be written as

N (eγ (τ) , τ) = γ∗N∗−[eγ (τ) + ' (eγ (τ) , τ)] [1− F (eγ (τ))]L+T (γ∗)−T (eγ (τ))+
Z γ∗

eγ(τ)
' (γ, τ) f (γ)Ldγ.

Given that
@eγ (g, τ)
@τ

= −
@Γ (eγ (τ) , τ) /@τ

@Γ (eγ (τ) , τ) /@eγ (τ) ,

we get

@N (eγ (τ) , τ)
@τ

+
@N (eγ (τ) , τ)

@eγ (τ)
@eγ (g, τ)
@τ

=

Z γ∗

eγ(τ)

[
1−

eγ (τ) + ' (eγ (τ) , τ)
γ + ' (γ, τ)

]
@' (γ, τ)

@τ
f (γ)Ldγ > 0

, γ + ' (γ, τ) > eγ (τ) + ' (eγ (τ) , τ) , for eγ (τ) < γ < γ∗.

1.b/ We use the same approach to prove that an income transformation,
which increases the purchasing power of the initial lower class at the expense
of the upper class will lead to a rise in the steady-state growth rate. Here, we
assume the following income transformation:

γr =  (γ, τ) =

8
<

:

γ + ' (γ, τ) 8γ 2
[
γ, eγ

[

γ 8γ 2 [eγ, γ∗]
γ − ρ (γ, τ) 8γ 2 ]γ∗,1[

,

where  (.) is again positive, monotone-increasing and continuous with γ, both

eγr = eγ and γ∗r = γ∗ imply that ' (eγ, τ) = ρ (γ∗, τ) = 0, and
Z eγ

γ

' (γ, τ) f (γ) dγ =

Z 1

γ∗
ρ (γ, τ) f (γ) dγ. Such an income transformation also verifies the single-

crossing condition and implies that Fr(γr) = F (γ). The middle-class share of
post-transfer income is now given by

Tr (γ
∗, τ) =

Z eγ

γ

 (γ, τ) f (γ) dγ = T (γ∗) +

Z eγ

γ

' (γ, τ) f (γ) dγ.
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In this case, (30) is given by

Γ (eγ (τ) , τ) = N∗ ln (γ∗)− [1− F (eγ (τ))]L ln (eγ (τ) + ' (eγ (τ) , τ))

+

Z eγ

eγ(τ)
ln (γ + ' (γ, τ)) f (γ)Ldγ +

Z γ∗

eγ
ln (γ) f (γ)Ldγ.

We show that:
@Mr(τ)
@τ > 0 and @N(eγ(τ),τ)

@τ + @N(eγ(τ),τ)
@eγ(τ)

@eγ(g,τ)
@τ > 0,

which given (31) implies that dg/g > 0. On the one hand, we have

Mr(τ) =

"
1−

α− 1
α

"
T (γ∗) +

Z eγ

γ

' (γ, τ) f (γ) dγ

##−1

)
@Mr (τ) /@τ

Mr(τ)
=Mr (τ)

α− 1
α

Z eγ

γ

@' (γ, τ)

@τ
f (γ)Ldγ > 0.

On the other hand, the post-transfer middle-class share of total income is given
by14

N (eγ (τ) , τ) = γ∗N∗−[1− F (eγ (τ))]L (eγ (τ) + ' (eγ (τ) , τ))+T (γ∗)−T (eγ (τ))+
Z eγ

eγ(τ)
' (γ, τ) f (γ)Ldγ

)
@N (eγ (τ) , τ)

@τ
+
@N (eγ (τ) , τ)

@eγ (τ)
@eγ (g, τ)
@τ

=

Z eγ

eγ(τ)

(
1−

eγ (τ) + ' (eγ (τ) , τ)
γ + ' (γ, τ)

)
@' (γ (τ) , τ)

@τ
f (γ)Ldγ > 0

, γ + ' (γ, τ) > eγ (τ) + ' (eγ (τ) , τ) , for eγ (τ) < γ < eγ.

2/ We now assume:

γr =  (γ, τ) =

8
<

:

γ + ' (γ, τ) 8γ 2
[
γ, eγ

[

γ − ρ (γ, τ) 8γ 2 [eγ, γ∗]
γ 8γ 2 ]γ∗,1[

,

where  (.) still has the same properties as above, and
Z eγ

γ

' (γ, τ) f (γ) dγ =

Z γ∗

eγ
ρ (γ, τ) f (γ) dγ. The middle-class share of post-transfer income is given by

Tr (γ
∗, τ) = T (γ∗) +

Z eγ

γ

' (γ, τ) f (γ) dγ −
Z γ∗

eγ
ρ (γ, τ) f (γ) dγ = T (γ∗) .

14We make use of the inequality eγ (τ) < eγ, which can be shown using
deγ (τ)
dτ

=
@eγ (g, τ)
@g

dg

dτ
+
@eγ (g, τ)
@τ

< 0.
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Note that (30) is given by

Γ (eγ (τ) , τ) = N∗ ln (γ∗)− [1− F (eγ (τ))]L ln (eγ (τ) + ' (eγ (τ) , τ))

+

Z eγ

eγ(τ)
ln (γ + ' (γ, τ)) f (γ)Ldγ +

Z γ∗

eγ
ln (γ − ρ (γ, τ)) f (γ)Ldγ.

Here, we show that:

@Mr(τ)
@τ = 0 and @N(eγ(τ),τ)

@τ + @N(eγ(τ),τ)
@eγ(τ)

@eγ(g,τ)
@τ > 0,

which implies that dg/g > 0. We focus on the post-transfer middle-class share
of total income:

N (eγ (τ) , τ) = N∗γ∗ − [1− F (eγ (τ))]L (eγ (τ) + ' (eγ (τ) , τ)) + T (γ∗)− T (eγ (τ))

+

Z eγ

eγ(τ)
' (γ, τ) f (γ)Ldγ −

Z γ∗

eγ
ρ (γ, τ) f (γ)Ldγ

)
@N (eγ (τ) , τ)

@τ
+
@N (eγ (τ) , τ)

@eγ (τ)
@eγ (g, τ)
@τ

=

Z eγ

eγ(τ)

(
1−

eγr (τ)
γ + ' (γ, τ)

)
@' (γ (τ) , τ)

@τ
f (γ)Ldγ−

Z γ∗

eγ

(
1−

eγr (τ)
γ − ρ (γ, τ)

)
@ρ (γ (τ) , τ)

@τ
f (γ)Ldγ < 0,

recalling that eγr (τ) = eγ (τ) + ' (eγ (τ) , τ) .
Note first that the following two inequalities hold:

Z eγ

eγ(τ)

(
1−

eγr (τ)
γ + ' (γ, τ)

)
@' (γ (τ) , τ)

@τ
f (γ) dγ <

Z eγ

eγ(τ)

(
1−

eγr (τ)
eγ

)
@' (γ (τ) , τ)

@τ
f (γ) dγ,

Z γ∗

eγ

(
1−

eγr (τ)
eγ

)
@ρ (γ (τ) , τ)

@τ
f (γ) dγ <

Z γ∗

eγ

(
1−

eγr (τ)
γ − ρ (γ, τ)

)
@ρ (γ (τ) , τ)

@τ
f (γ) dγ.

Second, the above budget constraint leads to:

Z eγ

eγ(τ)

(
1−

eγr (τ)
eγ

)
@' (γ (τ) , τ)

@τ
f (γ) dγ <

Z γ∗

eγ

(
1−

eγr (τ)
eγ

)
@ρ (γ (τ) , τ)

@τ
f (γ) dγ.

Finally, the following inequality is obtained using the principles of transitiv-
ity:

Z eγ

eγ(τ)

(
1−

eγr (τ)
γ + ' (γ, τ)

)
@' (γ (τ) , τ)

@τ
f (γ) dγ <

Z γ∗

eγ

(
1−

eγr (τ)
γ − ρ (γ, τ)

)
@ρ (γ (τ) , τ)

@τ
f (γ) dγ.
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